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XXiy. Some Proper ties of the Sum of the Dmfors of Humkn^ 
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ft TT ET the equations- 

figns 4- and - proceed aJternat^Iy hy paka iiat0; the t^rnt- 
^^-"«. The co-efficients of all the teims to the ^cM@f^pit|]^. 
tioned (a;^"^") will be+r, -^loro; they will be4i,;^heyk^ 

iBuItipiied ioto-^^^^, where- 1;'» ^~t^ -"or ri^^--^^,,. -mjiS- m - m% 

even number; but - 1, if js be an uneven numbei-i ia, all other 
cafes they will be = o. 

The numbers i, 2, 5,. f, fi./i^,, %%, ^4 35,. 40^ fer. 
fubtra£led from ^ may be colkd^ed from the addition of the: 
numbers i, i^ 3, 2, 5, ^, ^, 4^ ^,. 5, u, 6^ &c. whichi 
confift of two arithmetical feriefes i, 3^. 5, 7., p,^ |ij^ &c<.. 
1, 2, 3, 4^ 55. 6^ 7, &c. intermixed* 

2* The fam of any power (///)^ of each of the roo^s in the 
equation A = o will b$ S (^/)i, where S(^/^) denotes the fum of 
all the divifors of the number m^, if m be not greater than.;^i 

Cor. Hence (by the rule for finding the Aim of |a) powers 
€f each of the roots from the llim of the inferior powers and 
co-efficients of the gives elation) may be d^i^ed S(^^=s 



p% (m - i) - ^S (^ — 2) + rS (/« - 3) - iS (f^— 4) + f S (?# - S) ^ 
&c. :=^ S {m - i) + S (m - 2) - S (/^ — 5) — S (m - 7) 4- S (/fi - 12) 
4, S (^;? — 15) - S (/7^ — 22) — S (fi^ — 26) + &c. which is the pro- 
perty of the fum of divifors invented bj the late M. Euler. 

Cor. By fubftituting for S(//^-i)s S(^--2), &c. their 
values S{fn — 2) + S(f« — 2) — S(m — 6) — S (^ — 8) + &a, 
S (/;/ - 3) + S (j^^ -«^ 4) - S (^>^/ - 7) - S (;;^ - 9) + &c, &c. in the 
given equation S Qn) ^ S(^/i— i) + S (z;^ — 2) — S (/^ — 5) 
— S(f;f^ — 7) + &c. may be acquired an expreffion for the fum 
S (m) in terms of the fums of the divifors of numbers lefa 
than m--i^ m — 2, &c. — the fanle method may be ufed for 
a fimilar purpofe in forne of the following propofitions. 

Cor. By the rule for finding the fum of the contents of 
every (m) roots from the funis of the powers of eaclf o^f the 
roots may be deduced the equation ^ i . 2 .3.4 



• « 



m^ 



m . — ~ 5(2) +m . m-- I . ■- — b (3) 



m-3^ 



--m\ m --' I . m^ 2 . -— — S (4} + Sec. 

4 



m-^ % m^'l 



+ m . m--- 1 • -^ . --™ S ((2))' -&c. 

ki%vhich the fum of the divifors of any nuniber ^r Is expreifed 
by the ferns of the divifors of the inferior numbers m- i, 
m^2\ &c. and their powers. If 1) be an even number, then 
ttii . 2 • 3 . . ^1 will have the fame fign as the co efficient j 
if uneven, the contrary; but if the co-efficient nro^ then will 
the content i . 2 . 3 . • m vanifh. The law of this feries is 
given in the Meditationes Algebraic^* 

3, Let H be the number of different ways by which the fum of 
any two numbers r, 2, 3, 4, . . . m-^z^ m-- i, can become 
Tzm\ W the number of ways by which the fum of any three 
of the above-mentioned numbers can make m ; W\ W^\ ¥i!^^\ 
&c. the number of ways by which the fum of any four, five, fix, 

F f f 2 &c. 
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&c. of the above-mentioned nunibers \s ^ m refpedlvely ; thea 

will ! ^ H+ fF - W + W^' ^kc.-^i or o. Let m~^^^ , 

and it will be + i or - i^ according as z is an odd or even 
numbefj in all other cafes it will be no. 



p A E T II, 
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I. Let the equation be x- i . x'\'^ i • x' - i .x' -i . x - i e. 

F"^ ^— ™ jjrzTi^ . ^ .'P'irj' . &c. = x^' - px^'-^ + p*;-~^ 

_;^^'~a6_ .y^'~27^;^i>— 28^ 2cc. = A'^=:o; the fum of any power 
(m) of each of the roots in the equation A^ = o will be S^(;^)^ 
where S'' {m) denotes the fum of all the prime divifors of the 
number m^ and m is not greater than^^. 

Cor. Hence, by the rule before-mentioned S^ (jn) = S^(^ - i) 
+ S^ {m -» 2) ^ S' {pt ^ 4) ~ S' (f/? ^ 8) + S' (^i -- I q) + S' {m ^ 1 1 ) 
- ^' {m - 12) — S^(;^ - i6) + S'(^- 17) + S'(/;;-i9) - 
S'{m - 20) 4- ^'Qn - 23) - 2S'(^ - 24) + S'(^ --26) + 
S^ {m - 27) - S' {m - 28) + S' {m - 29), &c. 

]f in this, or the preceding, or fubfequent analogous cafes 
^{m-^ r), or S'' {m - r), or S^ (m -- r), becomes S (c), or S^ {0)^ 
or S^ (^) ; for S (c?), or S' (p), or S^ (^), always fubftitute r. 

Gr. Let JL be the co-efEcient of the term x^'^^^i then, by 
the above-mentioned feries contained in the Meditationes Al- 
gebraic^, will I . 2 . 5 . 4 • . . . m X L= I - /^ . —^ S^ (2) 

+ ;^ . m^i . - — ^ X S'' (3) - ^;a .jn-- 1 . m -^2 . «—'*, x b (4^ 

3*1* 

&c* + f;^ . fi^ - I . f;i - a • ^^ X S^((2))' 

<0 , 






Sum of the Dm/ors- of I^umbers. 3^1 

'-&:c*t)ean equation, which expreffes a relation between the 
p/ime divifbrs of the nunabers I, 2, 3, 4 . . . m- 1^ j^, and 
their powers* 

Cor. The co-efficient L = the difference between the two 
refpeftive numbers of different ways that m can be formed 
adding the prime numbers i, 2, 3, 5, 7, 11, 13^ 19^ &Cv 
the one with, and the other withoutj^ 2* 
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1. Let an equation x^'-i . x^ - i . x'^ - 1 .V-ix&c.=s 
x^ --fx^-^' +gx^-^^ - rx^-^+Scc. = ; then will the fum of the 
Qn) powers of each of its roots be the fum of all the divifors 
of m^ that can be found amongft the numbers ay j8, y^ SyScc. 

2. The CO -efficient of the term x^-^"" will be the diferencc 
between the two refpeftive numbers of different ways, that 
the number (m) can be formed from the addition of the num« 
bers u^ 13^ y, S^ &c. ; the one containing in it an odd number of 
the even numbers contained in «$, jS, y, ^, &c. 1 the other not« 

PART IV. 



x^ 



1. Let x^-- I . ^^^'— I . ^3/«. I , A?^^- I , , , . \ x''^'- I . &c.rr:" 
- px^-^ + gx^-^^^ - rx^'^^^ + &c. ^ x^ - x^"^^ — x^-^^y + x^-^^^ '\^x^'^'^^ 

_;^^-i2/_;^^-i5/^&c, ^B—o, of which equation all the co- 
efficients are the fame as in cafe the firll:, and conlequentljr 
=i= I or o to the term (x^'^^'^y. 

2. The fum of any power / x m of each of the roots of the 
equation B=:o will be S^(m)^ where S^(^) denotes the fum of 
the divifors of m^ which are divifible by /• 



&» 
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W(fn — 7/) + S^(m - III) + &(m ^ 15/) -* S^{m - 22/) — 
S^(^-26/) + &c. I the law of the leries has been given » 
Cafe !• 

Con The ilim of a^ll the diviiors of m not divifible by /rrt 
S (^) ^ S^ (w) =1: S (/;^ - 1) - S^(m - /) + (S (^ -i- 2) — S^ (;t^ - 2/)) 
— ^S (^ - 5) ~« S^ (^;;^ - 5/)) — {S(i^ - f) - S^ (;^ — 7/ )) -f &c. 

A fimilar rule may be predicated of the fum of the divifors 
not divilible by the numbers^, 3, c, 4 &c ; for the fum of 
the divifors of the number (m^ divifible by a^ b^ r, //, e^ &c», 
where a, b^ c^ 4 ^3 &c. are prime to each other r: (^{rn^J^ 
S^ {m) + S^ {m) 4. S^ » + S^ (;?i^ + &c.)) ^ ((S 'X ^ (^2 ) + S >^*(;;^ 4* 
S^xc(^y^S.x^(;^^^g^^4(>;^y ^ +S^^>^-^^) 4- &c)) + 

4*&c.)) — &c. =» /^ the fum of all the divifors of m. . . . divifi- 
Weby ^, b,c, d, e, &c. reCpeaivalf added together, --the fum 
of all the divifors of f» divifible by the prod^€ts (ab^ ac^ bc^ im^ 
of any two of the quantities^ ^, ^j c^ dj &c.-|-the fum of all 
the divifors of m divifible by the contents {ahc^ abd^ acd^ bcd^ 
&c.) of every three of the quantities^j b^ c^ d. Sec. —the fum of 
all the divifors of m divifible by the contents of every four of 
the above mentioned quantities a^ b^c^ d, &c. + andfo on, and 
confequently S (//i) — C is the fum required* 

The principles given in the former parts may be applied to 
thisj and extended to equations of which the faftors have thf 
formula a;'*^^;^* and from the fum of the inferior powers of 
each of the roots, amd the co- efficients may be colle^ed the 
fum of the fuperior 5 the fame may be performed by the 6o« 
efficients onJy, &c* 

'm--' JS\m Mm 1% 
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I:. S ((36 X jG)™^ X S:(^ 4- ium of all the divifbrs cif # Bofe 
divifible by <%~/3 x 3(cii^ + ium of all the divifbrs of m not di- 
¥ifible by /S« 

7. S^ (cd X /3) rr i:u X S^ (/3) + fuoi of all the divifors of /3 divi-» 
£ible by / but not by cy.^Scc. 

3. S (^ X /3 X 7 xo X &:C.) = a X'S (/3 xy kS xs, &c.) + fumr-i- 
of all the divifors of /3 x <)/ x J x &, &c. not divifible by cczz 
(^ X (3 xS{y X ^ X f, &c ) + fuiii of all the divifors of jS x y x S: 
X f, &c. not divifibfe by c^+xxfum of all the divifors of 
<5^, x^xg, &c. not divifible by j3 r-^. x /3 x y x S (J'x s, &c.)+- 
fum of all the divifors of ^Gxyxlx^, &c. not divifible by 
^ + ^xfuai of all the divifors of yXoXB, &c. not divifible 
by jG + a X /3 X ium of ail the divifors of ^.x s, &c. not divifible 
by y =:^ X /3 X y x ^ xS (s, &c.) + Ium of all the divifors of 
fi X y X S X g, &c. not divifible by jx + a x fund of all the divifors 
of yh^ Sec. not divifiblt^ by l3 + ax xfum of all the divk 
Tors of Ssy &c not div^ifible by y-h^ x jS x y x fum of all the 
divifors of e,. &c,. not divifible by § = &c. The lavt'^ of the 
feries is manifrfh The letters, (s^, /3, y^* S9 &c* which are not 
contained between the garenthefes, denote prime nuoibers. 

Cor. If fome of the letters Uf. (iy y^ <?, &c» be fubflituted" 
foP others, and others for them, the equations refulting wills 
be juft, and confequently many new equations may he deducedo. 

If in the preceding equatious for S be wrote S^, and for the 
fum of all tiie divitors ot a certain quantity not divif ble by a 
pnme nuaiber {a^ ^^ ./^? ^J^ 3<? ^c>) be w rate the fum of all 
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the divifors of that quantity not divifible by the fame prime 

number, but divlfible by/; the propofitions refuldng will be 

true* 

Thefe equations may be applied to the equations gi\ren iu 
the preceding parts^ and from thence many others deduced. 




